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A Clur structure is defined to be a maximal indepenent set of vertices of the C/ar graph of the 
corresponding benzenoid hydrocarbon. A special type of coloring, called a Clar coloring which 
is a specific type of 2-coloring is applied to Clar structures of two types of benzenoid hydro- 
carbons, viz., (a) nonbranched all-benzenoid systems, and (b) necklace-type hydrocarbons. It is 
found that the Clar counts of these two systems define what may be termed a ‘delayed’ Fibonacci 
sequence, in contrast to their Kekule counts which form a Fibonacci sequence. 
Several combinatorial properties of Clar counts are given (eqs. (3)-(30)). 
The results emphasize the advantage of using Clar structures as bases of the (recently proposed 
[ 131) valence-bond Hamiltonian instead of Kekult structures. 
Introduction 
Resonance and aromaticity are two related terms which are frequently used in 
organic chemistry. The meanings of such terms, however, have no exact mathemati- 
cal definition. A book by Dewar [6] outlines attempts to define such concepts using 
molecular orbital theory and ideas from quantum mechanics. Another book by 
Aihara [l] lists important graph-theoretical contributions to the theory of aroma- 
ticity which used so called topological models. A third approach was introduced by 
Clar [4] and now known as Clar aromatic sextet theory [4,10,13], proved capable 
of reproducing all the essential features of chemical and physical behaviour of ben- 
zenoid hydrocarbons. 
Quite recently Herndon and Hosoya [ 131 used an elegant valence-bond, VB, 
theory with a basis of Clar structures. The idea of using Clar structures rather than 
Kekule structures considerably reduces the size of the basis set to be used. The zeros 
of the corresponding secular determinant lead to resonance energies almost identical 
to those obtained using much more involved computations [6,13]. Thus Herndon 
and Hosoya [13] have, in effect, tested the quantitative use of Clar structures as 
valence-bond basis wave functions, and demonstrated that their approach is very 
promising indeed. 
The number of Clar structures, the Clar count, which is the dimension of the 
valence-bond Hamiltonian, is not trivial to compute. This is especially true for large 
benzenoid hydrocarbons. The Herndon-Hosoya method [ 131 is especially suitable 
for large hydrocarbons, since in these cases the number of Kekule structures is too 
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large for a ‘practical’ valence-bond calculation. Thus, a method for the computa- 
tion of Clar structures of a given benzenoid hydrocarbon is desirable. 
This paper deals with the combinatorial aspects of Clar theory. To avoid possible 
confusion some terms will be defined. One must distinguish a Clar structure from 
a Clar graph. Thus, a benzenoid system composed of hexagons {h,, h,, . . . , h,} is 
transformed into a Clar graph [9], q~, by replacing the set of hexagons {h,, h,, . . . , h,} 
by a set of vertices {or, u2, . . . , o,} and then connecting each pair of vertices if their 
hexagons intersect. A Clar structure is a maximal independent set of vertices of the 
Clar graph. An independent set of vertices I/(k) is said to be maximal if every vertex 
of the graph not included in I/(k) is adjacent to at least one of the k vertices of 
v(k) [31. 
The present work deals with benzenoid hydrocarbons whose v? graphs are either 
paths or cycles. An illustration is given by the two aromatic hydrocarbons the mole- 
cular graphs of which are shown below. 
It can be shown that v)(&), i.e., the Clar graph of A, is simply a path on six ver- 
tices while &N,,) is a cycle on ten vertices. One recalls that A, represents the 
important class of hydrocarbons called zig-zag scenes [4] while N,, is a type of 
necklace-type benzenoid systems, the interest of which arose recently due to work 
of Hosoya et al. [14]. 
Clar coloring 
To find the number of Clar structures of a given aromatic hydrocarbon (i.e., the 
number of maximal independent sets of vertices in the corresponding P graph), we 
define an operation which resembles coloring [12] but allows more flexibility. 
Namely we define a Clar coloring of a path and/or a cycle by steps (a)-(d), viz., 
(a) Vertices are colored in exactly two ways: black (arbitrarily), corresponding to 
a hexagon (in the relevant hydrocarbon) which contains a sextet of 17 electrons 
(often denoted by a circle in the representations of the molecular graph of the hydro- 
carbon). White vertices correspond to empty hexagons (i.e., benzene rings con- 
taining 71’ electron pairs). 
(b) No two black vertices may be adjacent. This rule is a consequence of thefun- 
Binomial-combinatorial properties of clar structures 147 
dame&al topological property of benzenoid hydrocarbons, viz., no two resonant 
sextets may occupy adjacent hexagons [IO]. 
(c) No more than two white vertices may be adjacent. This rule follows immedi- 
ately from the definition of Clar structure. 
(d) Every white vertex must be adjacent to at least one black vertex. 
This condition reflects the fact that a Clar structure is a maximal independent set. 
As a consequence of this last condition, neither the first two vertices nor the last 
two vertices of a path can both be colored white. 
The number of colorings when rules (a)-(d) are applied is the Clar count, c(B), 
of the hydrocarbon. Fig. 1 is a display of Clar coloring of ~(4~) and the correspon- 
ding Clar structures. 
Clar polynomial 
It is convenient to define a polynomial which counts tuplets of vertices represen- 
ting maximal independent sets in a given Clar graph of a benzenoid hydrocarbon. 
We let v(B) be such a Clar graph. In the present work B stands for a benzenoid 
hydrocarbon of type A (whose 9 graph is a path) or of type N (the ~7 graph of which 
is a cycle). Further, we define V(k) to be the number of v, graphs in which there 
are k black vertices and m is maximal value of k. Then, a polynomial, <(rp(B);x) 
which might be called the Clar polynomial is defined by eq. (I), viz. 
Fig. 1. The set of Clar colorings of the Clar graph of As, Fulminene. The first four colorings represent 
a maximal independent set of three vertices, V(3), while the fifth coloring is a V(2). Drawings at the right 
are the corresponding Clar structures. The last objects (in braces) are obviously not Clar colorings. 
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(1) 
Obviously, 
r(W); 1) = 6-V). (2) 
The efficiency of the valence-bond method of Herndon and Hosoya [13] is made 
clear by comparing c(B), the number of Clar structures with K(B), the KekulC count 
[15]. See TrinajstiC [15] for a good recent account of methods for determining the 
KekulC count. 
Binomial structure of Clar sextet theory 
I. Nonbranched catacondensed all-benzenoid hydrocarbons 
When the benzene rings in a benzenoid system are annellated in a zig-zag way a 
benzenoid hydrocarbon results [7]. Lower members of this series are phenanthrene 
chrysene, picene and fulminene, A6. In general we denote by Aj a nonbranched 
benzenoid hydrocarbon containing j rings. Further, 
PMj) = pj 
where Pj is a path on j vertices. 
(3) 
The following are some (but certainly not all) of the combinatorial properties of 
~(Aj)‘S which can easily be proved by induction. 
(a) Clar polynomials obey the following recursion: 
t(U,(Aj)ix) =r(v1(Aj)-u2;X)+C;(~(Aj)0 u2ix) (4) 
where I - u2 = Pj - u2 is the graph obtained by deleting 02, i.e., the second ver- 
tex (to the left or to the right) from q(Aj), while &Aj) 0 v2 is the graph obtained 
from q(Aj) by deleting v2 plus the two vertices adjacent to it. The set of colored 
p(Aj)‘s corresponding to {I- I+) represents the situation where v2 is white 
while the set {I 0 u2} corresponds to maximal independent sets in which v2 is 
black. It can easily be demonstrated that if a vertex other than u2 is pruned out of 
cp(Aj), then structures are generated in which three adjacent white vertices exist. Of 
course, such objects do not correspond to maximal independent sets and, thus, are 
not Clar structures. 
To motivate recursion (4) we let Pj = v1 u2 v3 ... Vj_2 Vj_ 1 Uj. Clearly the graph 
Pj - v2 means either the graph Pj - {vl, v2} or equivalently, the graph Pj - {ul, ~2, ~1) 
or the graph Pj - (Vj_2, Vj~l, Uj}. Obviously in a Clar coloring the vertex Uj_1 must 
be colored either black or white. If v~_~ is white, then Uj must be black, since other- 
wise the white vertex vj will not be adjacent to the black vertex. Then any Clar 
coloring of Pjp2 together with the given coloring of Vj_1 and Vj yields a Clar coloring 
of Pj (where vj-1, Vj are white, black respectively). If Uj_1 is black, both Vj_2 and 
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Uj are colored white. Thus Vj~2, Vj_1, Vj are colored white, black, white respec- 
tively, and again, any Clar coloring of Pj_3 together with the given coloring of 
Dj~2, Uj_r, Uj yields a Clar coloring of Pj. These two cases yield recursion (4). 
(b) Eq. (4) leads to 
r(P(Aj);x)= x[r(~(Aj-2);x)+r(a)(Aj-3); x)l* (5) 
(c) Eq. (5) leads to the following recursive relation between Clar counts. 
i(Aj)+r(Aj+l)=i(Aj+~), j-1,2,3,... (6a) 
where [(AJ is the number of Clar structures of a benzenoid system of type A 
possessing i hexagons. 
Eq. (6a) is to be compared with the Fibonacci recursion [5], viz., 
Fj+F/+I = Fj~2 (7) 
where F, is the ith Fibonacci number. 
For this particular class of benzenoid hydrocarbons the following identity exists 
[2] (see also Balaban and Tomescu, this volume) 
~ = K(Aj), 
and whence 
(8) 
K(Aj)+K(Aj+,)=K(Aj+2). (6b) 
Eqs. (6a) and (6b) are to be compared: The percentage reduction in the size of the 
basis set (of the VB Hamiltonian [13]) when Kekule’structures are replaced by Clar 
structures might be defined by: 
lOO[K(Bj)-[(Bj)]/K(Bj). (9) 
It is clear from eqs. (6a) and (6b) that K(Bj) increases much faster than r(Bj). 
When j- 03 (i.e., for very large hydrocarbons, for which the nova1 approach of 
Herndon and Hosoya [13] is quite suited), K(Bj)~ i(Bj) and whence the ratio de- 
fined by eq. (9) approaches 100%. 
(d) Using the definitions of Clar coloring and eq. (5) we can easily construct the 
first few Clar polynomials of paths: these are: 
l(dA,);x) =x9 
Hv)b42);x) = 2x9 
Lf(dA3);x) =x2+x, 
mwJ;x) = 3x2, 
<(&I,); x) = x3 + 3x2, 
&j@j); x) = 4x3 +x2, 
r(v)(A,); x) = x4 + 6x3, 
(104 
(lob) 
(1Oc) 
(IOd) 
(IOe) 
(IOf) 
(IOg) 
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<(&4is); x) = x6 + 56x7+ 84x8 + 10x9. (1Oh) 
Higher polynomials can most easily be computed using the recursive relation (5). 
(e) Let the number of vertices in a given path, P,, be V,. Further, we let r’, be 
the number of distinct orders of maximal independent sets. It is observed that, for 
triplets of successive paths for which 
v = y(mod2), (i, j)r2 
T is constant. 
The above property might be restated in the form 
TkjzTkj+2=rkj+4 (k=1,3,5,...). (11) 
Eq. (11) holds for all j odd and for all j even. 
Naturally, r is the number of different powers of x in c(P,;x), i.e., the number 
of terms in the Clar polynomial. 
(f) Clar Polynomials of A, type benzenoid hydrocarbons 
One might distinguish the following cases: 
(i) J' is an odd integer 
W r(~)(A3j);x)=x’+ i(:~~)X”1+(~‘:)Xi’2 
+ j+4 
( ) j-5 
xj+3+...+(1(3:+1))xi3j~‘1;21 +x(3j+1)/2 
(ib) <(q~A~~+~;x) = (j+2)xj+‘+ 
tic) 
j+6 
+ 
( ) 
xJ+5+ . . . 
j-5 
+( t(3~5))x~3j+3)/2] +x(3j+5)/2 
(12) 
(13) 
(14) 
The number of terms within braces { }, in eqs. (12)-(14) is +(j- 1). Thus the total 
number of terms, r, is given by 
r = +(j+3). (15) 
(ii) j is an even integer 
(iia) <(p(A,j);X)=xj+ [(~~~)x”1+(~‘~)x’+2 
j+4 
+ 
( ) 
xj+3+ . . . 
j-5 
+ (y ) x3j/2-1] + (+j+ 1Jx3j/2 (16) 
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(iib) &?(As;+& x) = (j+ 2)xj+l+ ((;‘;)xj+2+(;?;)xj+s 
j+S 
+ ( > j-5 x.i+4+._.+(+j3+1)x3j12] +(+j++2)xW2+  (17) 
(iic) <((D(A~~+~);x) = (i;3)xi+2+ [(;‘:)~j+~+(:‘:)xj+~ 
In eqs. (16)-(18) the number of terms within braces is +(j-2) and, therefore 
5 = +(j+2). (19) 
Expressions (12)-(19) might easily be checked by considering explicit forms of the 
polynomials using the first few initial functions (i.e., eqs. (10)) and the appropriate 
recursions. Naturally analytical forms for [(A,), cf. eq. (2), are readily obtainable 
using eqs. (12)-( 18) when x= 1, where 
i- 
3j, 
19= 3j+2, j = 0, 1,2,3, . . . 
3j+4. 
It is interesting to recall that the numbers K(Ae), K(AB+ 1), K(A,+,), (02 3) form 
a Fibonacci sequence [5], eq. (6b). The numbers [(A& c(AO+l), <(A0+2), .. . which 
obey eq. (6a) form what, then, might be called a ‘delayed’ Fibonacci sequence. It 
is this ‘delay’ in the sequence which leads to a good deal of reduction in the size 
of the VB Hamiltonian when Clar structures are used in place of Kekule structures. 
It turns out that the results obtained for the A, system are essential for obtaining 
Clar counts of rather complicated pericondensed hydrocarbons. Such results will be 
considered elsewhere 181. 
II. Necklace-type benzenoid hydrocarbons whose v, graphs are cycles 
We now consider necklace-type hydrocarbons for which there is one Kekule struc- 
ture in which all the benzene rings have aromatic sextets. For example, for N,, 
such a Kekule structure would be: 
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Clar graphs of these hydrocarbons are cycles containing as many vertices as the 
number of hexagons in the hydrocarbon, i.e., 
P(N0) = Ce 
where C, is a cycle on 19 vertices, BL 3. 
(20) 
One should observe that the type of hydrocarbons considered here are different 
from those with Clar graphs considered by Hosoya et al. [14]. 
We examine the combinatorial properties of Clar polynomials of cycles con- 
taining both odd and even number of vertices, but remark that only cycles which 
contain 4n + 2 vertices (n = 1,2,3, . . . ) can correspond to p graphs of ‘planar’ benze- 
noid systems, i.e., benzenoid hydrocarbons all whose hexagons can be fitted into 
one plane. 
It should be observed that in the Clar-coloring of cycles we are interested only 
in the pattern of the coloring and not in assigning a particular color to any specific 
vertex. 
Throughout the following we list some binomial properties of Clar polynomials 
of cycles. 
(g) The main recursion relation for cycles is 
T(P(Nj+6)ix) =x2[r(v)(Nj+2);x)+r(v?(Nj);x>l. (21) 
Recursion (21) may be understood as follows. Let (~j, uj+t, Uj+2, . . . , Uj_3, Vj-2, ~j-1) 
be a cycle in which uJ is adjacent to Vj+t, Vj+, is adjacent to Uj+2r .. . , and Uj- 1 to 
Uj. Then the application of Clar coloring to such a cycle generates two distinct pat- 
terns (cf. Fig. 3), viz. 
(i) Either vJ and vj_2 are both white while Uj-1 and vJ+, are black, or, Vj and 
Vj_2 are both black while Uj_1 and Uj+t are white. In either case the Clar coloring 
of the original cycle will be given by x2 times all Clar colorings of the cycle 
(uj+29 oj+,3 ...9 Vj~4, Uj~~). This corresponds to the first term in eq. (21). 
(ii) vj and Vj+s are black while Uj+t, Uj+2, UjP1 and vi-2 are all white. Then the 
Clar coloring in this case is given by x2 times all the Clar colorings of the cycle 
Cvj+4, Vj+5, ...3 v,_~, Uj~~) which corresponds to the second term in recursion (21). 
In Fig. 3 the vertex in (0), means that this vertex is repeated Q times. Evidently 
when a = 1 the original cycle contains 10 vertices and the three colorings shown in 
Fig. 2 result. 
Eq. (21) holds for all non-negative integers j. 
(h) As a result of eq. (21) Clar counts recur as: 
r(~(Nj))+i(~(Nj+2))=r(a,(~j+6)). (22) 
Eq. (22) holds for all j. The above recursion defines, again, what might be called 
a delayed Fibonacci sequence in analogy to eq. (6a). The Kekule counts of the Nj’S 
hydrocarbons, on the other hand, define a Fibonacci-like sequence [ll]. 
(i) The number of terms, r, in Clar polynomials of cycles is computed as follows: 
We let i be the number of vertices in the cycle. Find the integer value, of j when: 
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Fig. 2. Clar structures (to the left) and ‘Clar-colored’ Clar graphs (right cycles) of N,o. t(@(N,,,)= 
clo;x)=x5+2x4; s=2. 
i= 3j+b where b={O,2,4}. 
The number of terms is given by 
5odd = +(j + l), (23) 
r even = +(j+2) (24) 
where 5odd (even) is the number of terms in the Clar polynomial of a cycle on an odd 
(even) number of vertices. 
(j) It is convenient (for the reader) to list the first few Clar polyomials of the 
cycles; these are: 
c;(C3;x) =x, 
<(G; x) = x2, 
5(C,; x) = x2, 
<(C& x) = x3 +x2, 
((C7;x) =x3, 
<(Cs;x) =x4+x3, 
(25a) 
(25b) 
(25c) 
(25d) 
(25e) 
(25f) 
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+ 
Fig. 3. Illustration of recursion relation (21). The first two colorings correspond to the first term while 
the last represents the second term in eq. (21). 
C(Cg;x) =x4+x3, 
r(c,,; x) = x5 + 2x4, 
. . . 
ma 
CW 
[(I&;x) =x15+6x14+15x13+1Ox12+5x11, (25i) 
5(C,,;x) =x16+7x15+21x14+2ox13+ 15x12+x11. (25j) 
Fig. 2 shows all Clar colorings of IV,, and the corresponding Clar structures. 
(k) For n-1,2,3,... the following interesting identity holds: 
C(C2n+2) = &L). (26) 
(1) Clar polynomials of cycles 
(A) Cycles on an odd number of vertices 
(0 C4n+l (n=42,3,...) 
n-3 
+ 
( ) 
X2n-s 
5 
+...+(=F:2])X2nr+* (27) 
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where r is given by eq. (23), and in general, 
e/2 
[e/2] = 
c 
when 8 is even, 
(O+ 1)/2 when 0 is odd. 
(ii) C 4,,+j (n=0,1,2,3,...) 
(B) Cycles on an even 
5 + . . . + 
( 
n - K- 114 X2n_7+2 
r-l > 
number of vertices 
(iii) C,, (n=1,2,4,...) 
+ X2np6 + **. + 
n - [(7 - 1)/2] X2npT+l 
7-l 
(iv) c 4nc2 (n=1,2T3y...) 
+ X2n-4 + 1.. + 
n - [r/2] + 1 X2n-r+2 
7-l 
(28) 
(29) 
(30) 
Summary and conclusions 
This paper suggests a specific type of 2-coloring for Clar graphs which results in 
analytic expressions for the Clar counts of certain types of benzenoid systems. In 
contrast to well-known Kekult counts which define Fibonacci sequences, the Clar 
counts of such hydrocarbons form what might be called ‘delayed’ Fibonacci-type 
sequences (eqs. (6a) and (22)). This finding emphasizes the advantage of using Clar 
structures instead of KekulC structures as a basis set in valence-bond theory recently 
introduced by Herndon and Hosoya [13]. 
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